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Abstract—We present an improved theoretical model to ana-
lyze dynamics and operation of semiconductor lasers under optical
feedback (OFB). The model is applicable for arbitrary strength of
OFB ranging from weak to very strong. The model has been ap-
plied to investigate the dynamics and operation of lasers over wide
ranges of OFB and injection current. An improved set of modi-
fied rate equations of lasers operating under OFB were proposed.
We introduced a theoretical model to determine the power emitted
from both the laser back facet and external reflector. The results
showed that the operation of semiconductor lasers is classified into
continuous wave, chaotic, and pulsing operations, depending on
the operating conditions. The light versus current characteristics
were examined in the operating regions of the classified operations.
Under strong OFB, we predicted for the first time pulsing opera-
tion of lasers at injection currents well above the threshold. We
observed the pulsing operation in experiments in good correspon-
dence with the simulated results.
Index Terms—Chaos, external cavity, optical feedback (OFB),
pulsation, semiconductor lasers, time delay.
I. INTRODUCTION
I N MANY applications, such as optical data recording andfiber optic communication systems, semiconductor lasers
operate in the presence of external optical feedback (OFB). It
has been observed that even a small amount of OFB can affect
the laser behavior [1]–[8]. Although the OFB may cause strong
instabilities in the laser operation in forms of chaos [8], coher-
ence collapse [3], and bistability [9], [10], it has been used for
linewidth narrowing [11], [12], mode stabilization [13], and re-
duction of modulation-induced frequency chirp [14]. Therefore,
operation of semiconductor lasers under OFB has been the sub-
ject of many theoretical investigations [15]–[18]. The behavior
of semiconductor lasers under OFB is theoretically described by
the coupled rate equations of the electric field and the injected
carrier number. Most previous models dealing with OFB were
applicable under either weak or moderate OFB and simply in-
corporated the OFB by adding a time-delayed feedback term in
a form of linearlized approximation to the standard laser rate
equations [19], [20].
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In applications such as power sources for fiber amplifiers in
optic fiber communications, the semiconductor lasers are used
with an external cavity which consists of an optical fiber and a
fiber Bragg grating (FBG) in order to increase the optical power
and to select the lasing wavelength. Since these pumping lasers
are designed to have small reflectivity at the front facet and to be
subjected to rather larger reflectivity at the FBG, the lasers suffer
very strong OFB into the laser cavity [21], [22]. However, these
lasers happen to show dramatic changes of the output power,
lasing spectrum, and the laser dynamics [23], [24], which can
degrade the device performance. A profound understanding of
dynamics and operation of semiconductor lasers in this regime
of strong OFB are indispensable in order to avoid the instabil-
ities or to stabilize and control the semiconductor lasers emis-
sion.
To get reliable analysis of semiconductor lasers under an ar-
bitrary amount of OFB, including the regime of strong OFB, we
should count the OFB as time delay of the laser light [25]. This
means that the round trips of the laser light in the external cavity
are counted as time delays of the laser light at the front facet.
Such a technique requires careful consideration of the transmis-
sion- and reflection-induced phase changes of the lasing field
through the round trips in both the laser cavity and the external
cavity. Moreover, numerical analysis of the time-delayed rate
equations of lasers is required. Rong-Qing and Shang-Ping [26]
and Langley et al. [27] reported improved models to analyze
laser operation under strong OFB. Although the treatment in
[26] is effective for the strong OFB range, the field amplitude
and phase were approximated as random variables in stationary
stochastic processes, which is valid if the laser dynamics are sta-
bilized. Such approximation is not generally true, since the laser
dynamics are stabilized after times much longer than the delay
time . Moreover, application of such a model was limited to
stationary analysis of operation under OFB, which is not enough
to trace the phenomena in a trustworthy fashion. Although Lan-
gley et al. [27] improved the Lang and Kobayashi model [15] by
counting multiple reflections between the laser front facet and
external mirrors, their model is still not applicable for the case
of strong OFB. Moreover, the analysis in [27] was concerned
only with the regime of transitions from moderate OFB-induced
coherence collapse to continuous wave (CW) operation under
stronger OFB.
In this paper, we propose an improved time-delay model of
semiconductor lasers under OFB, which can be applicable under
an arbitrary amount of OFB. The model in [15] that was com-
monly used to analyze laser operation under OFB is derived
from our model, following appropriate approximations. We in-
1077-260X/03$17.00 © 2003 IEEE
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Fig. 1. Schematic illustration of a time-delay model of semiconductor lasers
under OFB.
troduce new theoretical analysis to calculate the power emitted
from the laser back facet as well as from the external mirror,
which enables detection of laser output from both sides of the
system. The present model is applied to investigate the influ-
ence of strong OFB on the dynamics and operation of semicon-
ductor lasers. We also demonstrate classification of laser oper-
ation over wide ranges of the OFB and injection current, which
presents new detailed characterization of laser operation in the
strong OFB regime. The analysis indicates that the laser exhibits
CW, chaos, and pulsing operation, depending on the operating
conditions. The pulsing operation is theoretically predicted to
characterize the strong OFB regime. We also confirm these pre-
dictions in experiments on 980-nm InGaAs lasers.
This paper is organized as follows. In the next section, we
introduce a new unified model of OFB in semiconductor lasers
and present new modified time-delay rate equations. We also
present a new technique to calculate the power emitted from
both the back facet and the external mirror. In Section III, we
explain the procedures of numerical simulation. In Section IV,
we present the simulated results under wide ranges of the injec-
tion current and OFB, giving special attention to the regime of
strong OFB. Experimental setup and observation results under
strong OFB are given in Section V. Conclusions of this paper
are given in Section VI.
II. TIME-DELAY MODEL OF OFB
A. Boundary Conditions in the Laser Cavity Under OFB
The present model of semiconductor lasers under OFB is
schematically illustrated in Fig. 1. By supposing to be the dis-
tance from the laser front facet to the external mirror, to be
the refractive index of the external cavity, and as the speed of
light in vacuum, the feedback light has a time delay of
(1)
The electric components of the optical fields in the laser cavity,
i.e., in the solitary laser, and the external cavity along the di-
rection are assumed as
for (2)
for (3)
where and are the forward traveling components of the
fields, while and are the backward traveling components,
respectively. is the length of the laser cavity. In the present
model, the OFB is counted as the time delay of the laser light
at the front facet due to round trips in the external cavity. That





where the function determines the amount of the feedback
due to time delay in the external cavity and is determined by
(7)
and the transmission function is given by
(8)
Here, the index counts the round trips in the external cavity,
and are the transmission coefficients at the front facet
from the laser cavity to the external cavity, and from the external
cavity to the laser cavity, respectively, is the reflection coef-
ficient at the back facet, and are the reflection coefficients
at the front facet from the sides of the laser cavity and the ex-
ternal cavity, respectively, and is the reflection coefficient at
the external mirror. The phase is defined as delayed phase of
the function as in (7), and is very important to determine the
lasing operation. These transmission and reflection coefficients
are complex values, in general, and are given with power reflec-







with the phase relation of
(15)
B. Threshold and Phase Conditions Under OFB
By substituting the definitions of the forward and backward
components of the field in the laser cavity
(16)
(17)
with , and as the gain coefficient, the internal loss, and
the propagation constant in the laser cavity, respectively, the os-
cillation condition of the lasers under the OFB becomes
(18)
and is separated to the following gain and phase conditions:
(19)
(20)
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where is an integer. is threshold gain in the solitary laser
and is defined by
(21)
C. Modified Rate Equations
In this subsection, we follow the procedures given in [28]
and [29] to show how the rate equations in a solitary laser are
modified when the laser is subjected to the OFB. The electric
field in the solitary laser is expressed in terms of a slowly
time-varying amplitude , and the oscillating frequency as
(22)
where is the spatial field distribution of the field whose
value is normalized in the solitary laser. The frequency is de-
fined for the operation without OFB. By substituting this ex-
pression in Maxwell’s equations, the following equation of the
amplitude is obtained:
(23)
Here, is the optical gain and is defined to include the nonlinear




is the linear gain coefficient with as the number of injected
electrons, and are material constants, and is the field con-
finement factor in the active region of volume . is the non-
linear gain coefficient. The coefficient determines the phase
change due to the simulated emission and is defined in the soli-
tary laser by [29]
(26)
where is the so-called linewidth enhancement factor, and
is the time-averaged value of without feedback. The function






represents the phase difference between the delayed injected
field and the reflected field in the laser cavity at the front facet.
The phase in the function is obviously given by
(30)
where is an integer.
Equation (27) is applicable for an arbitrary amount of OFB.
The so-called Lang and Kobayashi model [15] is obtained from
(27) by supposing weak OFB with and a constant
phase due to the round trip of time delay , such that we get
for
We proceed with our analysis in this paper based on (27).
The dynamic (23) can be transformed to a couple of equations
for the photon number and the phase by writing the
complex field amplitude with the phase term as
(31)
and transforming to using the relation [32]
for optical emission
for optical absorption. (32)
Therefore, the following rate equations are obtained:
(33)
(34)
The last term in (33) represents inclusion of the spontaneous




The variable is a time-averaged value of . The nonlinear gain
coefficient is given by [30], [32]
(37)
where is the dipole moment, is the intraband relaxation
time, is an injection level characterizing the saturation co-
efficient, is the dielectric constant in free space, and is the
reduced Plank’s constant.
The rate equations (33) and (34) of and , with the
following equation for the number of injected electrons , de-
scribe the dynamics of semiconductor lasers subjected to OFB:
(38)
where is the injection current, is the electron lifetime by the
spontaneous emission, and is the electron charge.
D. Emitted Power From the Back Facetb and
the External Mirror
By going back to the propagating field expressions in (2) and
(3), we should determine equations for output powers from the
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back facet and the external mirror . The electric field









where the functions and are defined in this description as
given in (35) and (36), and is the propagation constant in the
external cavity.
The number of photons contained in the laser cavity and
the external cavity are given with as
(46)
(47)
The power emitted from the back facet and the external
mirror are then given by
(48)
(49)
III. PROCEDURES OF NUMERICAL SIMULATIONS
The present model is applied to simulate the dynamics and
identify the operation of semiconductor lasers under OFB.
The simulation was performed by numerical integration of
the rate equations (33), (34), and (38) with the fourth-order
Runge–Kutta method. The laser system of InGaAs emitting
in a wavelength of 980 nm was counted in the simulation.
Typical numerical values of this laser are listed in Table I. The
external cavity was assumed to consist of an optical fiber of
refractive index . The length of the external cavity
was fixed at 1.0 m. The time step of integration was set as
ps, which is so small that the cutoff frequency of the
TABLE I
VALUES OF PARMETERS OF 980-nm InGaAs LASERS AND SYSTEM
CONFIGURATIONS USED IN THE PRESENT COMPUTER SIMULATION
Fourier transform of the laser signal is much higher than both
the relaxation frequency and the external cavity frequency
. The integration was carried out over a period of 10 s, for
which time of the operation reaches steady state. Investigations
of laser operation and dynamics were done over wide ranges
of the OFB, ranging from – and injection
current from – , where is the threshold current
of the solitary laser. The integration was first made without
OFB, i.e., putting and in (36) and (37), from
time until the round trip time . The dc values and
of the photon number and the electron number are




The calculated values of and were then stored for use as
time-delayed values and for the further integra-
tion of the rate equations (33), (34), and (38), including the feed-
back terms. However, the simulation results of the time-varying
output power were found to be insensitive to the variation of
in the present case of long external cavity. The choice of may
be critical to decide the optimum operating conditions for stable
operation of lasers in the cases of short external cavities [5]. The
phase of the feedback light was determined with (30), where
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Fig. 2. Simulation result of CW operation of lasers when R =R = 6 
10 , and I = 6I : time variation of the photon number S(t) and carrier
number N(t). Both S and N attain constant values.
Fig. 3. An example of simulation results of uniform pulsation of lasers in the
moderate OFB regime when R =R = 9:8 10 . (a) Time variation of the
photon number. (b) Frequency spectrum of the FT. (c) Phase portrait. The laser
operates in uniform pulsation in the relaxation frequency f .
the integer was chosen to vary continuously for time evolu-
tion, because the solution of arc tangent is limited in the range
of to in the computer work. The averaged values
is set to zero in the present calculations.
Fig. 4. Example of simulation results of beating pulsation of lasers in the
regime of moderate OFB when R =R = 9:88 10 . (a) Time variation
of the photon number. (b) Frequency spectrum of the FT. (c) Phase portrait.
Pulsation in the relaxation frequency f is seen and is enveloped by pulsation
in the external frequency f .
IV. THEORETICAL RESULTS AND DISCUSSIONS
A. Variation of the Laser Operation With OFB
Various operating states are shown in Figs. 2–7. The injec-
tion current level and the OFB phase difference were set as
and for all cases. The corresponding
threshold current levels were determined from the light versus
current (L-I) characteristics as will be shown in Fig. 8 [where
L here means the time-averaged value of the photon number
]. The photon number is normalized by its timely aver-
aged values . Fig. 2 is the case with very weak OFB corre-
sponding to external reflectivity of with
mA. The figure plots the time variation of the photon
number and the carrier number , and indicates that
both and attain constant values, which represents CW
operation.
Fig. 3 represents the case of external reflectivity of
with mA, while in Fig. 4,
with mA. In Fig. 5,
with mA. In these figures,
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Fig. 5. Example of simulation results of the laser output in the regime
of moderate OFB when R =R = 1  10 . (a) Time variation of the
photon number. (b) Frequency spectrum of the FT. (c) Phase portrait. Random
variation of the photon number is seen in (a) with broadened peaks at the
external frequency f and the relaxation frequency f in (b). The phase
portrait indicates a chaotic attractor.
part (a) shows the time variation of the photon number ,
(b) shows the frequency spectrum of the photon number
due to Fourier transform (FT) calculation, and (c) shows the
attractor trace between the photon number and carrier
number . As found in Fig. 3, the laser shows a weak and
uniform pulsation with the relaxation frequency GHz
when the OFB increases a little bit beyond the CW operation.
By increasing the OFB, the laser shows a weak but beating
pulsation with the relaxation frequency and the external
cavity frequency , as shown in Fig. 4. When the OFB reaches
, operation of the laser becomes more
complicated, and could be called chaotic operation [33]–[38].
Fig. 5(a) plots an example of the time variation of the photon
number in this chaos region. Although the figure shows
periodic components of in both frequencies and
exhibits an irregular pattern. The random variation
of is seen in Fig. 5(b) as a broadening of those peaks,
as well as appearance of peaks with different values at higher
harmonics of and . This means that the laser operates
unstably under two threshold conditions; one corresponds to the
Fig. 6. Example of simulation results of uniform pulsation of lasers in the
strong OFB regime when R =R = 0:25. (a) Time variation of the photon
number. (b) Frequency spectrum of the FT. (c) Phase portrait. The laser operates
in uniform pulsation in the external frequency f .
laser cavity, and the other corresponds to the external cavity,
which randomize the time variations of both the optical phase
and the electron number , and consequently, enhance
laser linewidth. The chaotic operation is characterized by a
chaotic attractor in the phase diagram, as shown in Fig. 5(c).
Fig. 6 represents an example of pulsing operation in the strong
OFB region, which corresponds to with
mA. The pulsing frequency in this case is , as
shown in Fig. 6(a), which plots the time variation of the photon
number . This result is confirmed by the FT of the photon
number in Fig. 6(b). This may mean that the laser is locked at
the external cavity frequency .
In Fig. 7(a), we summarized the laser operation in terms of
bifurcation analysis of the temporal peak value of the photon
number versus the ratio . As the reflectivity
ratio increases, the laser shows CW operation for suf-
ficiently small , starts to show small pulsation with re-
laxation frequency , followed by a beating vibration with re-
laxation frequency and external cavity frequency , and
then reaches chaotic operation. By increasing more
than 0.4, the laser changes to CW operation again and reaches
stable pulsing operation with the external cavity frequency .
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Fig. 7. Summarized diagram for a single-mode semiconductor laser under a
wide range of OFB from weak to strong OFB at I = 6I ; ` = 1 m, and
 = ! in terms of the bifurcation diagram calculated via (a) the present model
at single round trip (m = 1), (b) the present model at multiples round trips
(m = 10), and (c) Lang and Kobayashi model. Laser mainly operates in CW
under very weak OFB, chaos under moderate OFB, and pulsation in the strong
regime of OFB. Under strong OFB Lang and Kobayashi model predicts much
irregular pattern of S(t) deviating strongly from those obtained via our model.
However, the laser enters an instability regime (chaotic oper-
ation) as the feedback is further increased to .
When more than 20, the laser shows CW operation and
pulsing operation with again. In such calculations, the round
trips between the front facet and external mirror were limited to
a single round trip , which is effective for the case
of small reflectivity at the front facet (e.g., AR-coated facet)
[26], [27]. Nevertheless, we compare the results in Fig. 7(a) with
those obtained by counting ten round trips , which are
plotted in Fig. 7(b). Results in both figures are in good coin-
cidence. Therefore, the multiple round trips time delay can be
ignored in the present calculations.
Fig. 8. L-I characteristics of a semiconductor laser under three amounts of
OFB. (a) R =R = 5  10 . (b) R =R = 0:2. (c) R =R = 3:5.
Output is smooth and linear under CW and pulsing operation, but has strong
nonlinearities under the chaotic operation.
We, moreover, are interested in comparing the results in
Fig. 7(a) with those predicted by the Lang and Kobayashi model
[15], which is commonly applied to analyze dynamics under
OFB. The obtained results are plotted in Fig. 7(c). As shown,
the Lang and Kobayashi model predicts similar characteristics
up to . Above this feedback level, such a model
leads to results strongly deviating from the present results. For
example, the regions of CW and pulsation operations shown
in Fig. 7(a) over and
completely disappear in Fig. 7(c), and the model indicates
chaotic dynamics at stronger OFB. That is, the accuracy of
applying the Lang and Kobayashi model deteriorates in the
range of strong OFB in this case of long cavity.
B. L-I Characteristics
The operation of the laser also changes with the injection
current level. Fig. 8 plots the calculated L-I characteristics under
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Fig. 9. Classification of operation of semiconductor lasers in terms of
R =R (from weak to strong OFB) and the injection current. Four possible
operations for semiconductor lasers are found: CW, uniform pulsation with
frequency f , chaos, and pulsation in the external cavity frequency f .
Pulsing operation occupies the regime of strong OFB over the entire range of
the current.
three values of the external reflectivity
corresponding to weak OFB, corresponding to
moderate OFB, and corresponding to strong
OFB. Under weak OFB, the CW operation is identified with
straight L-I characteristics in the entire range of the injection
current without kinks or nonlinearities, as shown in Fig. 8(a).
On the contrary, the L-I characteristics shown in Fig. 8(b) exhibit
strong instabilities or nonlinearities in the intermediate and
high ranges of the injection current, which corresponds with
chaotic operations. The smooth variation of the output power
with the current corresponds with stable CW operations. Under
strong OFB, the operation is pulsing, which is characterized with
almost smooth linear L-I characteristics, as shown in Fig. 8(c).
C. Classification of Laser Operation in Terms of the OFB and
Injection Current
The range of operation of InGaAs lasers was classified in a
diagram between the injection current ratio and the ex-
ternal reflectivity ratio , as shown in Fig. 9. As shown
in the figure, the laser operates in CW at very weak OFB over
the entire range of the injection current . Two other regions
of CW operation are found at relatively strong OFB over most
ranges of . The operating region of chaos occupies the region
of moderate OFB, while another region is found on a narrow
range of strong OFB – . The pulsing operation
occupies the region of strong OFB, , with a narrow
region of chaotic operation. A detailed characterization of laser
dynamics and operation of lasers operating under strong OFB,
which is presented in Fig. 9, is important to understanding the
operation of pumping lasers in fiber amplifiers.
V. EXPERIMENTAL OBSERVATIONS
A. Experimental Setup
We also investigated the operation characteristics of lasers in
the region of strong OFB. The experimental setup is illustrated
Fig. 10. Experimental set up and illustration of the InGaAs laser, which is
connected to a fiber having two FBGs.
Fig. 11. Simulation results under very strong OFB for R =R = 3:5; I =
4:3I ; ` = 1 m, and  = !  . (a) Temporal variation of the power emitted
from the external mirror P (t) and the back facet P (t). (b) Frequency spectra
of the corresponding FTs. Simulated pulsing operation of the laser is similar to
the experimental observations. Laser is stimulated to operate in pulsation.
in Fig. 10. An InGaAs laser was connected to a fiber having two
FBGs of central reflectivity and ,
and at distances of m from the laser facet and
m from the first fiber grating, where and is the
power reflectivity of the second fiber grating. The end of the op-
tical fiber was cut with a tilted angle to avoid additional reflec-
tion from the end of the fiber. The output power was obtained
from this angle edge. The spectral characteristics of the pulsa-
tion were examined by using a spectrum analyzer. The charac-
teristics of the time variations of the photon and the carrier were
examined by using a sampling oscilloscope. The variations of
the photon number were examined through the output current
of an avalanche photodiode (APD). We examined the variation
of the output voltage of the laser and assumed it to correspond
to the variation of the carrier density.
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Fig. 12. Observed output characteristics under very strong OFB for
R =R = 3:5; I = 4:3I ; ` = 1 m. (a) Temporal variation of the output
power from the external mirror. (b) Frequency spectrum of the corresponding
FT. Output power exhibits pulsation in the external frequency f . Experimental
observation of pulsing output is similar to the simulated results.
B. Simulated and Observed Pulsing Operations Under Strong
OFB
Fig. 11 shows the theoretical result based on our simulation
model with one reflecting point of reflectivity . The oper-
ating conditions were assumed as , and
with mA. Fig. 11(a) plots the time
variations of the power emitted from both the external mirror
and the back facet , while Fig. 11(b) plots the fre-
quency spectrum of the corresponding FTs.
Typical measured characteristics of the output power of In-
GaAs lasers subjected to strong OFB is shown in Fig. 12. The
results correspond to a high injection current of ,
where mA. Fig. 12(a) plots the waveform of the
power emitted from the grating measured by a sampling oscil-
loscope, while Fig. 12(b) plots the frequency spectrum of the
corresponding FT measured by a spectrum analyzer. The ob-
served results shown in Fig. 12(a) indicate pulsing operation of
the laser under strong OFB, which is similar to simulated re-
sults shown in Fig. 11(a). Moreover, the FT of the emitted power
shown in Fig. 12(b) confirms that the pulsing occurs in the ex-
ternal frequency , as predicted in the simulated results shown
in Fig. 11(b). This means that the condition of laser oscillation
is mainly determined by the external cavity rather than the laser
cavity itself. In conclusion, our model predicts pulsing operation
of the laser, corresponding well with the experimental observa-
tions.
VI. CONCLUSION
We proposed an improved model of analysis of OFB in semi-
conductor lasers. The model is versatile and is applicable under
an arbitrary amount of OFB. The model was applied to newly in-
vestigate the operation characteristics of 980 nm InGaAs lasers,
which have been recently used as pumping sources for fiber am-
plifiers, under strong OFB. The operation characteristics were
also analyzed over wide ranges of OFB and injection current.
The following conclusions can be traced from the obtained re-
sults.
1) The laser operates in CW under very weak OFB.
2) Under weak to intermediate feedback, the laser exhibits
chaotic operation.
3) Under relatively strong feedback, the laser operates in ei-
ther CW or chaos, depending on the magnitude of the in-
jection current.
4) Under strong feedback, the laser output is pulsing in the
oscillating frequency of the external cavity, which may be
a type of frequency locking.
5) The L-I characteristics are smooth and linear when the
laser operates in CW, but have strong nonlinearities under
chaotic operation. In the pulsing region, the L-I character-
istics are almost smooth and linear, but have small non-
linearities at high injection currents of – .
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